Given a 2-commutative diagram
Introduction
Let k be an algebraically closed field and X be a smooth proper variety over k together with an endomorphism X f / G X such that its graph X Γ f / G X × X intersects the diagonal X ∆ / G X × X transversally so that the fixed point scheme X f is a disjoint union of finitely many points. Then the celebrated Atiyah-Bott formula says that for a quasi-coherent sheaf E on X together with a fixed morphism f * E b / G E there is an equality of two numbers
where T X,x dxf / G T X,x is the differential of f viewed as a map from the tangent space at a point x ∈ X to itself and L(E, b) ∈ k is the Lefschetz number
In this paper, we provide a categorical proof of the formula. Namely, we interpret both sides of the equality above as morphisms in the (∞, 1)-category of unbounded cochain complexes Vect k from k ∈ Vect k to itself. The desired equality then follows from the naturality of a certain construction in the world of (∞, 2)-categories.
Plan of the paper. In the first section we introduce the main categorical tool. Namely, notice that if E is an (∞, 2)-category then for any object X ∈ E endomorphisms of X form a category. Hence in case when E has in addition a symmetric monoidal structure the trace of a dualizable object in E can be considered as an object of the category Hom E (I E , I E ), where I E is the monoidal unit of E. We promote the trace construction to a functor. More precisely, for a commutative up to a (not necessarily invertible) 2-morphism diagram of the form
where X, Y ∈ E are dualizable and ϕ admits a right adjoint, we construct a morphism of traces
which is functorial in an appropriate sense (see proposition 1.2.9).
In the second section of this paper we apply this formalism to the setting of derived algebraic geometry by considering the case E = 2 Cat k , the (∞, 2)-category of k-linear stable presentable categories and continuous functors. After work of Toën (see [BZFN10] for the account in the language of higher categories), we know that for a quasi-compact, quasi-separated derived scheme X the (∞, 1)-category of unbounded cochain complexes of quasi-coherent sheaves QCoh(X) on X is a dualizable object in 2 Cat k , so we could apply the machinery of traces. Namely, given an endomorphism X f / G X of a derived scheme X the functor f * induces an endomorphism QCoh(X) f * / G QCoh(X) and we calculate (2.2.2) that the corresponding trace is simply
where X f is the derived fixed point scheme (see definition 2.2.1). Now a lax-equivariant sheaf E ∈ QCoh(X) as in the setting of the Atiyah-Bott formula allows us to construct a diagram
where the 2-morphism T corresponds to the morphism
the induced map of traces
is just a choice of an element in Γ(X f , O X f ). The main computation in the second section is another characterization of this element: namely, if we denote by X f i / G X the inclusion of the derived fixed points scheme, then proposition 2.2.3 establishes an equality
which is extremely useful in further calculations.
In the last section we apply the above categorical machinery to the particular case of the Atiyah-Bott formula. Considering the diagram
we obtain a commutative triangle
gives an equality of two numbers. It is then a combination of formal verifications and calculations from section 2 that the morphisms Tr(Γ(X, E), Id Γ(X,E) ) and Tr(Γ, Id Γ ) • Tr(E, T ) are precisely the left-hand and the right-hand sides of the Atiyah-Bott formula respectively.
Conventions.
1) All the categories we work with are assumed to be (∞, 1)-categories. For an (∞, 1)-category C we will denote by (C) ≃ the underlying ∞-groupoid of C obtained by discarding all the noninvertible morphisms from C.
2) We will denote by S the symmetric monoidal (∞, 1)-category of spaces. For a field k we will denote by Vect k the stable symmetric monoidal (∞, 1)-category of unbounded cochain complexes over k up to quasi-isomorphism with the canonical (∞, 1)-enhancement. We will also denote by Vect ♥ k the ordinary category of k-vector spaces considered as an (∞, 1)-category.
3) We will denote by Pr L ∞ the (∞, 1)-category of presentable (∞, 1)-categories and continuous functors with a symmetric monoidal structure from [Lur, Proposition 4.8.1.14.] . Similarly, we will denote by Pr ∞ ) admits natural symmetric monoidal structure. We will also denote by 2 Cat k , the symmetric monoidal (∞, 2)-category of k-linear presentable (∞, 1)-categories and continuous k-linear functors so that the underlying (∞, 1)-category of 2 Cat k is precisely Cat k .
1 Dualizable objects and traces
Traces in symmetric monoidal (∞, 1)-categories
We start with the following well-known Definition 1.1.1. Let X f / G X be a morphism in a symmetric monoidal (∞, 1)-category C with X ∈ C being dualizable. Define then the trace of f denoted by Tr C (f ) ∈ Hom C (I, I) as the composite
where I is the monoidal unit in C. In particular, for any dualizable object X ∈ C we define the dimension of X denoted by X C (X) ∈ Hom C (I, I) simply as the trace of the identity map X C (X) := Tr C (Id X ).
Remark 1.1.2. Notice that trace is cyclic: given two morphisms
where X and Y are both dualizable there is a canonical equivalence
Example 1.1.3. 1) Notice that an object V ∈ Vect k is dualizable iff it has finite-dimensional cohomology spaces. If V ∈ Vect k is dualizable and f ∈ Hom Vect k (V, V ) is some morphism then the trace Tr Vect k (f ) ∈ Hom Vect k (k, k) ≃ k is the alternating sum of the ranks of the map on the cohomology spaces of V induced by f . In particular, in case f = Id V we see that
2) Let D ∈ Cat k be dualizable. Recall that the monoidal unit of Cat k is the (∞, 1)-category Vect k ∈ Cat k and, moreover, we have
Traces in symmetric monoidal (∞, 2)-categories
Let E be a symmetric monoidal (∞, 2)-category (that is, a commutative algebra object in the (∞, 1)-category of (∞, 2)-categories) and X, Y ∈ E be dualizable objects. Suppose we are given a (not necessary commutative) diagram
where ϕ is left adjoint to ψ and
is a 2-morphism in E. We argue that then there is a natural morphism
in the (∞, 1)-category Hom E (I, I) which is very useful in various applications. Our plan for this section is to define the morphism Tr(ϕ, T ) as the trace in a certain (∞, 1)-category of arrows. We begin with the following Definition 1.2.1. Let E be an (∞, 2)-category. We define an (∞, 1)-category of arrows in E denoted by Arr(E) as following: 1) Its space of objects is the space of arrows in E, that is, (Arr(E)) ≃ := (Funct(∆ 1 , E)) ≃ .
2) Given two objects X f / G Y and Z g / G W in Arr(E) we define the space of morphisms between them to be the space of diagrams
Example 1.2.2. By the construction of Arr(E) we see that for an object X ∈ E the space
, where f, g ∈ Hom E (X, X) and
Remark 1.2.3. In [GR, Chapter A.1 ] the (∞, 1)-category of arrows Arr(E) of an (∞, 2)-category E is denoted by Seq ext 1 (E) and is used as one of the alternative ways to define the notion of an (∞, 2)-category.
To understand the (∞, 1)-category Arr(E) a bit better we prove following Proposition 1.2.4. Let E be a symmetric monoidal (∞, 2)-category so that the (∞, 1)-category Arr(E) admits pointwise symmetric monoidal structure. An object
is dualizable iff X and Y are dualizable objects of E and the morphism ϕ admits a right adjoint ψ.
Proof. If X and Y are dualizable and the morphism ϕ admits a right adjoint ψ then the dual
induced by the unit of the adjunction between ϕ and ψ and the coevaluation morphism is
induced by the counit of the adjunction between ϕ and ψ.
Conversely, if an object X ϕ / G Y ∈ Arr(E) is dualizable then since the monoidal structure on Arr(E) is defined pointwise its dual has to have a form X ∨ ψ ∨ / G Y ∨ , where ψ ∨ is some morphism. Now to see that ψ is right adjoint to ϕ we notice that the evaluation diagram gives a
The classical conditions on evaluation and coevaluation morphisms are then precisely the triangle identities on T 1 and T 2 .
Example 1.2.5. Let E be a symmetric monoidal (∞, 2)-category and
be a dualizable object. Then for a morphism
in Arr(E) which we imagine as a (not necessary commutative) diagram
is given by the big rectangle in the 2-commutative diagram
where 1) The 2-morphism in the middle square is T ⊗ ψ ∨ .
2) The 2-morphism in the left square is
3) The 2-morphism in the right square is
induced by the unit of the adjunction between ϕ and ψ.
Since the top row is simply Tr E (F X ) and the bottom row is simply Tr E (F Y ) we see that it makes sense to think of the trace Tr Arr(E) (F X , F Y , T ) as of a morphism from Tr E (F X ) to Tr E (F Y ) in the (∞, 1)-category Hom E (I, I).
The example above motivates the following Definition 1.2.6. Let E be a symmetric monoidal (∞, 2)-category and X ϕ / G Y ∈ Arr(E) be a dualizable object. Define then a morphism of traces Tr(ϕ, T ) induced by T
as the morphism from Tr E (F X ) to Tr E (F Y ) in the (∞, 1)-category Hom E (I, I) defined by the trace Tr Arr(E) (F X , F Y , T ).
Definition 1.2.7. Consider the case when E = 2 Cat k , X = Vect k and F X = Id Vect k so that we have a diagram
Since the (∞, 1)-category of morphisms Vect k ϕ / G Y in 2 Cat k which admit a right adjoint ψ in 2 Cat k is equivalent to the full (∞, 1)-subcategory Y comp ⊆ Y of Y spanned by compact objects, we see that the 2-morphism T simply corresponds to some morphism t ∈ Hom Y (E, F Y (E)), where E := ϕ(k).
In particular, we get an element in Tr 2 Cat k (F Y ) which corresponds to the morphism
called the Chern character of E which will be further denoted by ch(E, t) ∈ Tr 2 Cat k (F Y ).
Example 1.2.8. Consider the case when
so that T simply corresponds to some morphism t ∈ Hom Vect k (V, V ). Then directly by the definition 1.2.6 we get an equality
of two numbers. Proposition 1.2.9. Let E be a symmetric monoidal (∞, 2)-category and X, Y, Z ∈ E be dualizable objects. Suppose we are given a diagram
in E, where ϕ 1 is left adjoint to ψ 1 , ϕ 2 is left adjoint to ψ 2 and
are 2-morphisms. Then there is an equivalence
where • v is the vertical composition of 2-morphisms.
Proof. Obvious from the construction.
Traces in algebraic geometry
Conventions. We will further work in the setting of derived algebraic geometry: for a quasicompact derived scheme X over a field k we will denote the k-linear symmetric monoidal (∞, 1)-category of unbounded complexes of quasi-coherent sheaves on X by QCoh(X) ∈ CAlg(Cat k ). Similarly, all the functors are assumed to be derived in the appropriate sense. We refer the reader to [GR] for an introduction to the basic concepts of derived algebraic geometry. In fact, most of the statements in this section also hold valid in case when X is a perfect derived stack.
Duality for Quasi-Coherent sheaves
Recall the following Theorem 2.1.1 ([BZFN10, Theorem 1.2]). For two quasi-compact derived schemes X, Y over k there is a canonical equivalence
It follows that for a quasi-compact derived scheme X over k the (∞, 1)-category QCoh(X) ∈ Cat k is self-dual: considering the diagram * X
we can define the evaluation map
and the coevaluation map
Consequently, we get the following Corollary 2.1.2. For two quasi-compact derived schemes X and Y over k there is an equivalence
Concretely, for a sheaf K ∈ QCoh(X×Y ) the corresponding functor from
are the projection maps.
In particular, for a functor F ∈ Hom Cat k (QCoh(X), QCoh(X)) where X is a quasi-compact derived scheme over k it makes sense to calculate the trace Tr Cat k (F ) of F in terms of the corresponding sheaf K F ∈ QCoh(X × X) which is frequently called a kernel of F . We have Proposition 2.1.3.
Proof. By definition the trace is the composition
so that we instantly obtain the desired equivalence.
Example 2.1.4. As a toy example, consider the case where X = Spec R for R ∈ CAlg(Vect k ) is affine and F ∈ Hom Cat k (Mod R , Mod R ). Then the kernel of the functor F can be described explicitly as F (R) ∈ Mod(R ⊗ R), where the bimodule structure arises from the fact that R is commutative. Consequently, we get an equivalence
Calculating the trace
Definition 2.2.1. Let f be an endomorphism of a quasi-compact derived scheme X. Define a derived fixed point scheme X f of f as the pullback
in the (∞, 1)-category of derived schemes.
Later on we will need the following Proposition 2.2.2. In the notations as above we have
Proof. Since the kernel of the functor f * is the structure sheaf
Considering the pullback diagram
and using [GR, Chapter I.3 , Proposition 2.2.2.] we obtain an equivalence
as desired.
Let now X be a quasi-compact derived scheme together with an endomorphism X f / G X and let X f i / G X be the inclusion of the fixed points derived scheme. Suppose we are given a diagram
t t t t t t t t t t t t t t t t t t t t t t t t t t t t t t t t t t t t t
QCoh(X)
in 2 Cat k , where ϕ is the left adjoint ψ. Set E := ϕ(k) so that T classifies some morphism t ∈ Hom QCoh(X) (E, f * E).
We now can calculate the Chern character ch(E, t) (definition 1.2.7) in terms of E:
Proposition 2.2.3. We have
where f * E b / G E is the morphism which corresponds to t ∈ Hom QCoh(X) (E, f * E) using the adjunction between f * and f * .
Proof. By definition 1.2.7 the Chern character ch(E, t) is the composition in Vect k
obtained from the 2-commutative diagram
t t t t t t t t t t t t t t t t t t t t t t t t t t t t t t t t t t t t t t t
E⊠E ∨ t |
are the projection maps. We first notice that the composition (2) • (1) is the choice of the morphism t ∈ Hom QCoh(X) (E, f * E) ≃ Γ(X, f * E ⊗ E ∨ ). Now the morphism (3) is obtained by applying the functor Γ(X, ∆ * (f × Id X ) * •) to the composition
where the first map is induced by the unit of adjunction between ∆ * and ∆ * . Now using the pullback square
and [GR, Chapter I.3, Proposition 2.2.2.] we obtain an equivalence of functors
all the vertical arrows are equivalences and the first arrow in the bottom row sends
3 Holomorphic Atiyah-Bott formula
Conventions. For the rest of this section we will work in the following setting: 1) k is an algebraically closed base field.
2) X is a smooth proper variety over k together with an endomorphism f such that its graph
Note that in this case we have
as ∆ and Γ f are complete intersections by the set of transversal sections of the (stalk of) the tangent bundle T X×X,x . It follows that the derived fixed point scheme X f equals the ordinary intersection ∆ ∩ X×X Γ f and is reduced. As it is proper and of dimension zero, we conclude that X f is just a disjoint union of finitely many points.
We will denote by p the projection map X p / G * .
3) E ∈ QCoh(X) is a dualizable and lax equivariant quasi-coherent sheaf over X, that is, there is a fixed morphism
in QCoh(X). Using the adjunction between f * and f * we will denote by t ∈ Hom QCoh(X) (E, f * E) the morphism which corresponds to b.
Statement of Atiyah-Bott formula
We begin with the following
Our main goal is to use the formalism of traces in (∞, 2)-categories discussed above in order to prove the Theorem 3.1.2 (Holomorphic Atiyah-Bott formula). We have
where T X,x dxf / G T X,x is the differential of f from the tangent space at a point x ∈ X to itself (by basic linear algebra transversality of ∆ and Γ f in X × X is equivalent to invertibility of 1 − d x f for all fixed points x, so denominators on the right hand side of (1) are nonzero and the formula makes sense).
Example 3.1.3. Take X := P 1 with homogeneous coordinates (z : w). Let f (z) = e iφ z be a rotation automorphism by some nonzero angle φ and set E := O P 1 (n). Note that O P 1 (−1) has a tautological GL 2 -equivariant structure which induces a GL 2 -equivariant structure on O P 1 (n). We then define an f -equivariant structure on E by considering e iφ as an element of GL 2 e iφ 0 0 1 ∈ GL 2 .
The morphism f has two fixed points 0 and ∞. The stalks of E at 0 and ∞ are generated by w n and z n respectively. Hence the right hand side of Atiyah-Bott in this case is equal to
For the left hand side of Atiyah-Bott we have three slightly different cases
• Let n ≥ 0. In this case H 0 (P 1 , O P 1 (n)) is the only nontrivial cohomology group of Γ(P 1 , O P 1 (n)) with the basis of the form z k w n−k , 0 ≤ k ≤ n. It follows that the Lefschetz number L is equal to
which coincides with (2).
• Let n < −1. By Serre duality the only nontrivial cohomology group of Γ(P 1 , O P 1 (n)) is
which again coincides with (2).
• Let n = −1. The sheaf O P 1 (−1) is acyclic and both sides of Atiyah-Bott are equal to zero.
Corollary 3.1.4. We have
Proof. Just set E := O X and b := Id O X .
Corollary 3.1.5 (Weyl character formula). Let G be a semisimple simply connected Lie group over C, and T, B be the maximal torus and the Borel subgroup of G respectively. Take V = V (λ) an irreducible finite dimensional representation of G with highest weight λ and let χ V be its character. Then χ V = w∈W ǫ(w)e w(λ+ρ) e ρ α∈∆ + (1 − e −α ) where
• W is the Weyl group
• ∆ + is subset of positive roots of root system ∆ • ρ is the half sum of positive roots
• ǫ(w) = (−1) l(w) , where l(w) is the length of the Weyl group element, defined to be the minimal number of reflections with respect to the simple roots such that w equals the product of those reflections.
Proof. Set X := G/B with the action of G given by left translations. Note that X is proper. Set L λ := G× B C(λ) a G-equivariant line bundle over X. By the Borel-Weil-Bott theorem we have
Let t ∈ T be general and denote by X Lt / G X the left translation by t. Then the tangent space T wB X to a fixed point wB ∈ X t is isomorphic (as T -representation) to g/w(b) and hence
By definition of L λ the action of L t on the fiber (L λ ) wB at a fixed point wB is given by the multiplication by e wλ (t).
For regular element t the graph of L t intersects diagonal transversely so that we can apply Atiyah-Bott to get χ V (t) = Tr Vect ♥ k (L t|H 0 (X,L λ ) ) = w∈W e wλ (t) α∈∆ + (1 − e −wα (t)) = = w∈W e wλ (t) ǫ(w)e −wρ (t) α∈∆ + (e α/2 (t) − e −α/2 (t)) = w∈W ǫ(w)e w(λ+ρ) (t) e ρ (t) α∈∆ + (1 − e −α (t)) .
Now the result in general case follows from the fact that regular elements are dense in T .
Proof of Atiyah-Bott formula
We will prove the theorem 3.1.2 by interpreting both sides of the Atiyah-Bott formula as morphisms between certain traces.
Plan of the proof. Applying the functoriality of traces 1.2.9 to the diagram ch (E,t) 
